Abstract-A large amount of data are required for the recursive predictor-based subspace identification (RPBSID) algorithm when system state vector is estimated. In this paper, an improved RPBSID method is presented and applied to identify the spacecraft time-varying moment of inertia parameters. Comparing with the original RPBSID algorithm, the improved method does not need to construct the corresponding Hankel matrix for each time instant when solving the state vector. The recursive least squares is used to implement the recursive estimation of the state vector, thereby reducing the computation cost of the identification process. Then, the moment of inertia matrix parameters can be determined recursively from the system state-space model by matrix transformation. In numerical simulations, for a spacecraft with flexible appendages, three cases that may cause the moments of inertia to change with time are investigated. The simulation results illustrate that the proposed recursive method can identify the time-varying moment of inertia parameters effectively and has higher computational efficiency than that of classical RPBSID algorithm.
I. INTRODUCTION
On-orbit identification of inertia parameters, such as the moment of inertia, mass and center of mass, can not only monitor the system operation conditions, but also provide an important reference for the correction of the control system parameters. In particular, the inertia parameters of many spacecrafts may be time-varying caused by structural changes during the on-orbit operation, such as the spacecraft docking or appendage deployment. Therefore, the identification problems of time-varying inertial parameters of on-orbit spacecraft need to be considered.
Many inertial parameter identification methods for on-orbit spacecrafts had been proposed, such as the momentum conservation principle [1] , least squares method [2] , extended Kalman filter [3] and subspace method [4] . The classical inertial parameter identification methods consider the spacecraft as a complete rigid body system and neglect the vibration effect of flexible appendages. However, in actual onorbit operation, because the spacecrafts usually have certain large appendages, it is necessary to discuss the coupling influence between the vibration of flexible appendage and the rigid body motion of spacecraft.
Some studies for inertia parameter identification using the subspace methods have been developed. Crosnier [5] employed the N4SID subspace method to identify the inertia parameters from the corrupted data when a sufficiently enlarged statespace model was reached. Using subspace identification method, the inertia parameters of a nonlinear robot arm, such as the motor inertias, link inertias and joint-spring coefficients, were estimated by Oaki [6] . Moreover, the inertia parameters of the gyro dynamical model were identified by the recursive subspace algorithm based on the propagator [7] .
However, the frequently-used subspace methods are mainly based on the singular value decomposition (SVD) or QR decomposition [4] [5] [6] [7] . If the system order is high, the computational complexity is very large for the SVD and QR decomposition. Therefore, a recursive method called the recursive predictor-based subspace identification (RPBSID) was proposed by Houtzager [8] . This recursive subspace method does not need to implement the matrix decomposition, and adaptive filter and recursive least squares are used to obtain the system state-space model matrices. The method has been used to identify the time-varying modal parameters, but few studies are developed for spacecraft inertial parameter identification.
In this paper, the RPBSID method is applied for the onorbit identification of spacecraft time-varying moment of inertia. Moreover, because computing the system state vector in original RPBSID needs to construct generalized Hankel matrix and a large amount of data are required, an improved RPBSID method is proposed to estimate the state vector recursively. For this purpose, recursive least squares technology is applied to solve the state vector without constructing the corresponding generalized Hankel matrix at each time instant, so the computational efficiency can be improved. In numerical examples, the dynamical model of the Engineering Test Satellite-VIII (ETS-VIII) is established, and three on-orbit cases that may cause the moment of inertia parameters to vary with time are discussed. The results illustrate that the proposed method can effectively identify the time-varying moment of inertia parameters of spacecraft. This recursive method has higher computational efficiency than that of classical algorithm.
II. DYNAMICAL MODELING OF RIGID-FLEXIBLE COUPLING

SPACECRAFT
The spacecraft with appendages usually can be simplified as the model of a center rigid body with N flexible appendages. Therefore, the dynamical equations of spacecraft can be described as:
where the matrix J is the moment of inertia matrix which needs to be identified in this paper, and i F is the rigid-flexible coupling coefficient matrix for the ith appendage. and are the attitude angle of spacecraft and the modal coordinate of appendage, respectively. ( ) t u is the control torque of reaction wheel. i ζ and 2 i are the damping ratio and modal stiffness matrix for the ith appendage, respectively. To simplify the discussion, for (1) and (2), two assumptions are applied as follows: (1) Only consider the coupling effects between the rotation motion of spacecraft and structural vibrations of appendages, and the translational motion of on-orbit spacecraft is neglected. (2) Assuming that the angular acceleration of the spacecraft is very small, that is 0 ≈ .
For the on-orbit spacecraft, if system mass or structural configuration are changed, then the moment of inertia matrix J and the rigid-flexible coupling matrix F in (1) and (2) are time-varying. In this case, a state vector is defined as:
Then, equations (1) and (2) can be expressed as:
where the specific form of ( ) t M , E , K and L can be found in [9] . Then, equation (4) is rewritten as the following statespace equation form:
where
is an 1 n × state vector, and ( ) t A and ( ) t B are n n × system matrix and n r × input matrix, respectively, as follows:
where I is unit matrix. The attitude signal of spacecraft and the vibration displacement signal s of appendages are selected as the 1 m × output ( ) t y . Then, system measurement equation can be written as:
where C is m n × output matrix and is the corresponding modal matrix,
III. IDENTIFICATION OF TIME-VARYING MOMENT OF INERTIA MATRIX USING THE IMPROVED RPBSID METHOD
A. Recursive Estimation of Markov Parameters
Equations (5) and (6) are discretized and can be rewritten as the following innovation form:
where the subscript k is the discrete time instant. k e is the innovation white noise sequence, and the matrix k K is the Kalman gain matrix. Then, equations (7) and (8) can be further written as:
where k
Define a Vector AutoRegressive with eXogenous (VARX) predictor as follows:
, and the parameter p is required to satisfy / p n m > . Then, equation (11) can be further rewritten as the following matrix form:
Thus, using the adaptive filtering technique, the least squares recursive form of the matrix k at each time instant can be obtained as [10] :
where 1 β is forgetting factor and satisfies 1 0 1 β < ≤ . The initial value of matrix k Z is selected as 0 = Z I . The value of the Markov parameter matrix k can be determined using (13).
In the next section, the system state vector k x will be estimated recursively using the Markov parameter k .
B. Estimation of System State Vector Using Recursive Least Squares
The traditional subspace methods for estimating the state vector k x are usually based on the SVD or QR decomposition, and the original RPBSID method needs to construct the generalized Hankel matrix at each time instant to determine the state vector k x . But all of these methods require a higher computation complexity. To reduce the computational cost, the state vector k x is estimated recursively in this paper. Firstly, for the system in (9)-(10) without the measurement noise k e , the output signal
then, equations (15)- (17) can be expressed as the following matrix form:
Note that the elements of each block row in the matrix k p − can be obtained by the recursive computation of the Markov parameter matrix k in (13). Therefore, the matrix (18) can be rewritten as the following least squares form:
Then, according to the recursive least squares principle, the general recursive form of the state vector k x can be obtained as follows:
where the k in (20) is similar to (13)-(14) and can be determined by recursive least squares:
Thus, the state vector k x for each time instant can be computed recursively by (20).
C. Identification of State-Space Model Parameters
The system state vector k x is obtained recursively in previous section. Now, to determine the state-space model
A B C at each time instant, equations (7) and (8) can be rewritten as follows:
The corresponding statespace model parameters are expressed as:
Using the vector k and output signal k y , the matrix ( ) y k can be obtained using the following recursive form [8] :
( )
where the initial value of matrix k needs to satisfy ( )
where the initial value of matrix k also requires to satisfy are obtained, the corresponding block matrix can be extracted according to (27) . Then, the state-space model parameters ˆk A , ˆk B and ˆk C can be identified, where the superscript '^' denotes the system identification value.
D. The Similarity Transformation Between the Identified and Original Model Parameters
According to the realization theory of state-space model [11] , there exists a matrix transformation relationship between the identified state vector ˆk x and original value k x to satisfy 
The transformations in (33) are also called 'coordinate similar transformation' or 'equivalent transformation'. Since the system moment of inertia parameters need to be estimated from the original model { , , } k k k A B C , it is necessary to transform the identified model parameters into the original state-space model using (33). Note that the output matrix k C in measurement equation (6) can be constructed by selecting appropriate outputs signals, that is, we can assume that the k C is prior known in the original system. Therefore, after obtaining the parameters ˆ{ , , } 
E. Identification of System Moment of Inertia Matrix
When the discrete state-space model ˆ{ , , } 
IV. NUMERICAL SIMULATION
To verify the identification ability of this recursive method for the time-varying moment of inertia parameters, the dynamical model of ETS-VIII is established in numerical examples. There are a pair of solar panels (hereinafter referred to as panels s1 and s2) and a pair of huge deployable reflector antennas (hereinafter referred to as antennas a1 and a2) in the satellite. The specific structure description and the corresponding model parameters of this satellite can be found in the authors' another paper [12] . The simplified satellite structure is shown in Fig. 1 . In the simulation, the frequencies of solar panels s1/s2 and antennas a1/a2 can be obtained by finite element modeling (FEM), and the damping ratio of each appendage
In addition, the first 3 order frequencies of each appendage are selected in the modeling. Therefore, the system order n of satellite model is n=(3+4×3)×2=30. The control torques by reaction wheel are selected as the system inputs, and the appendages vibration signals and satellite attitude signals are selected as the system output. Considering the three cases that the moment of inertia parameters are linear change, step change and periodical change, respectively, the improved recursive method and classical RPBSID algorithm are employed to identify the satellite moment of inertia parameters. The parameters p and 
A. The Moment of Inertia Linear Changes
In this case, we assume that the propellant consumption of the satellite is linear change. Certainly, in actual on-orbit operation, unlike the rapid decrease of rocket fuel in launch phase, the propellant consumption of satellite is a slow and discontinuous process. However, to intuitively represent the time-varying characteristic, assume that the consumption of satellite propellant is relatively rapid and continuous with time. Therefore, the mass of satellite central rigid body has the following linear relationship: method is basically consistent with that of the classical RPBSID method in [8] . The results illustrate that the identification accuracy of this proposed method for this linear varying system is acceptable. 
B. The Moment of Inertia Step Changes
In this section, the following spacecraft docking problem is discussed: the satellite central rigid body docks with two extra cuboid structures at the Yaw axis (z axis) as shown in Fig. 3 , where the mass of docked cuboid structures are both 600 kg. In this simulation, assume that the docking process does not change the position of satellite mass centre. However, the docking will cause the size and mass of central rigid body to vary, and thus the system moments of inertia is also step changed.
The identification results of moments of inertia x J and y J using the aforementioned two methods are shown in Figs. 4-5, and the corresponding average relative error results are shown in Table 2 . The results of Figs. 4-5 and Table 2 indicate that both the two methods can effectively track the moment of inertia parameters. 
C. The Moment of Inertia Periodical Changes
Because the solar panels of satellite often need to rotate around the Pitch axis (y axis) to ensure facing the sun, the situation that the solar panels rotate at a constant angular velocity θ is considered in this simulation. Therefore, the system moments of inertia can be changed periodically. Finally, the computation time of these two methods are compared by MATLAB. Considering the three situations that the system order n are 30, 38 and 46, respectively, and the simulation conditions are same for these two methods. 30 times Monte-Carlo experiments for each situation is implemented. Then, the comparison results of computation time for the two methods are shown in Table 4 . The results demonstrate that the improved recursive method has a faster computation speed in the identification process than that of classical algorithm. V. CONCLUSIONS In this paper, an improved RPBSID method is proposed and applied to the on-orbit identification of the spacecraft moment of inertia parameters. The system state vector is computed by recursive least squares method, which avoids a large amount of data needed in the original method for constructing the generalized Hankel matrix. Then, the timevarying state-space model can be obtained recursively using the adaptive filtering and recursive least squares. Therefore, the system moment of inertia parameters are identified from the block matrix by coordinate transformation. Three cases that may cause the spacecraft moment of inertia parameters to change are studied in numerical simulations. The simulation results show that the proposed recursive method can effectively identify the time-varying system moment of inertia parameters and has higher computational efficiency.
